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Abstract. The Corona Factorization Property, originally invented to study exten- 
sions of C*-algebras, conveys essential information about the intrinsic structure of the 
C*-algebra. We show that the Corona Factorization Property of a cr-unital C*-algebra 
is completely captured by its Cuntz semigroup (of equivalence classes of positive ele- 
ments in the stabilization of A). The corresponding condition in the Cuntz semigroup 
is a very weak comparability property termed the Corona Factorization Property for 
semigroups. Using this result one can for example show that all unital C*-algebras 
with finite decomposition rank have the Corona Factorization Property. 

Applying similar techniques we study the related question of when C*-algebras 
are stable. We give an intrinsic characterization, that we term property (S), of C'*- 
algebras that have no non-zero unital quotients and no non-zero bounded 2-quasitraces. 
We then show that property (S) is equivalent to stability provided that the Cuntz 
semigroup of the C*-algebra satisfies another (also very weak) comparability property, 
that we call the w-comparison property. 



1. Introduction 

The Corona Factorization Property was defined and studied by Kucerovsky and Ng in 
[T2] building on work by Elliott and Kucerovsky, [6], in which purely large C*-algebras 
were studied. Both concepts relate to the theory of extensions and in particular to the 
important question on when extensions are automatically absorbing. 

A C*-algebra satisfies the Corona Factorization Property if every full projection in 
the multiplier algebra of its stabilization is properly infinite (and hence equivalent to the 
unit). The existence of non-properly infinite full projections in the multiplier algebra 
of a stable C*-algebra was noted (implicitly) in [19], and more explicitly in |20], in 
connection with the construction of non-stable C*-algebras that become stable when 
being tensored with a matrix algebra. The existence of finite full projections in the 
multiplier algebra of a stable C*-algebra was also essential in the construction in [21] 
of a simple C*-algebra with a finite and an infinite projection. In the language of 
Kucerovsky and Ng it is shown in [21j that the C*-algebra C(]^,^]^ 5*^) does not have 
the Corona Factorization Property. 
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Zhang proved a (partial) converse of these results, that a simple C*-algebra of real 
rank zero with the Corona Factorization Property is either stably finite or purely infinite. 

It thus appears that failure to have the Corona Factorization Property is an "infinite 
dimensional" property, and conversely that all C*-algebras with "finite dimensional be- 
havior" should have the Corona Factorization Property. (By finite and infinite dimensi- 
nality we are, of course, not referring to the vector space dimension of the C*-algebra, 
but rather to its non-commutative dimension — perhaps best defined through Kirchberg 
and Winter's notion of decomposition rank.) Pimsner, Popa, and Voiculescu studied in 
[T2j extensions of C{X) ®/C, where X is a finite-dimensional compact metric space, and 
developed an Ext(X, — ) theory. It follows in particular from their work that C{X) ® /C 
has the Corona Factorization Property when X has finite dimension. The assumption 
that X is finite dimensional is crucial. 

Using Kirchberg and Winter notion of decomposition rank, [TT], mentioned above, 
Kucerovsky and Ng, [13] , studied extensions of type I C*-algebras with finite decompo- 
sition. 

In this paper we show that a cr-unital C*-algebra (simple or not) satisfies the Corona 
Factorization Property if, and only if, its Cuntz semigroup satisfies a very weak com- 
parison property that we call the Corona Factorization Property for semigroups (also 
considered in [I4j). We also introduce stronger notions of comparison for ordered abelian 
semigroups, some of which are verified for the Cuntz semigroup of a unital C*-algebra 
with finite decomposition rank, and so the Corona Factorization Property also holds for 
these algebras. 

This parallels the property that the authors introduced and examined in the article 
[T^ . There it was shown, using entirely different techniques than those employed here, 
that a cr-unital C*-algebra of real rank zero has the Corona Factorization Property if and 
only if its monoid V^(^) of Murray-von Neumann equivalence classes of projections in 
the stabilization of a C*-algebra A has the Corona Factorization Property (for monoids). 

In outline the paper is as follows. In Section m we define and consider various com- 
parability properties for ordered abelian semigroups, including n- comparison and u- 
comparison (and their weak counterparts), and the Corona Factorization Property for 
semigroups. These properties can be viewed as weakened forms of the almost unperfora- 
tion property for semigroups (considered in [22]). In fact, an ordered abelian semigroup 
has the 0-comparison property if and only if it is almost unperforated. It follows from 
a result of Toms and Winter, [23], that the Cuntz semigroup of any unital simple 
C*-algebra with decomposition rank n has the ra-comparison property (and hence also 
cu-comparison and the Corona Factorization Property). It was this result by Toms and 
Winter that led us to consider n-comparison. 

In Section |3] we establish (using the above mentioned result of Toms and Winter) that 
the Cuntz semigroup of (non-simple) unital C*-algebras with finite decomposition rank 
has the weak n-comparison property, and hence also the Corona Factorization property. 
After the first version of this paper was posted Leonel Robert proved that the Cuntz 
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semigroup of any C*-algebra with nuclear dimension at most n (respectively, u) has 
n-comparison (respectively, w-comparison), [TB] . 

In Section m we consider an intrinsic property (that we call property (S)) of a C*- 
algebra defined in terms of Cuntz' comparison theory for C*-algebras, and we show 
that it is equivalent to the absence of unital quotients and bounded 2-quasitraces. It is 
further shown that property (S) is equivalent to stability of a C*-algebra if its Cuntz 
semigroup has the w-comparison property, thus generalizing a result from [8] . 

In Section E] we prove our main result, that a cr-unital C*-algebra has the Corona 
Factorization Property if and only if its Cuntz semigroup satisfies the comparability 
condition called the Corona Factorization Property (for semigroups), and that every 
ideal in a cr-unital C*-algebra has the Corona Factorization Property if and only if its 
Cuntz semigroup satisfies the strong Corona Factorization Property (for semigroups). 

2. Comparability in ordered abelian semigroups 

In this section we shall discuss a number of comparability properties of ordered abelian 
semigroups. 

Consider an ordered abelian semigroup {W, +, <) that we here and in what is to 
follow tacitly shall assume to be positive, i.e., x < x + z for all x, z E W. We do not 
assume that the order is the algebraic one, given hj x < y if and only if y = x + z for 
some z in W. 

A state on W normalized at x G is an additive order preserving map from W into 
M"*" U {oo} that maps x to 1. The set of all states normalized at x is denoted by S{W, x). 
Given two elements x,y E W, one writes x oc y if there exists n eN such that x < ny. 

The result below has appeared already in several versions in the literature, perhaps 
first as the extension result of Goodearl and Handelman in [71 Lemma 4.1]. We wish to 
emphasize the following formulation that will be essential for our paper. 

Proposition 2.1. Let {W,+,<) be an ordered abelian semigroup, and let x,y E W . 

Then the following statements are equivalent: 

(i) There exists k eN such that {k + l)x < ky. 

(ii) There exists ko eN such that {k + l)x < ky for every k > k^. 

(iii) X Qc y and f{x) < f{y) for every f G S(W,y). 

If S(W, y) is empty, then statement (iii) above reduces to the statement x oc y. 

Proof, (iii) =^ (i). Assume first that y is an order unit for W and that (iii) holds. Use 
compactness of S(W,y) to find natural numbers m > m' such that f{mx) < f{rn'y) 
for all / G S{W,y). By the results of Goodearl and Handelman in [7] there exist a 
natural number n and an element z in W such that nmx + z < nm'y + z. From this 
inequality we get rnmx + z < rnm'y + z for all natural numbers r. Now, z < py 
for some natural number p (because y was assumed to be an order unit). This gives 
us rnmx < {rum' + p)y for all natural numbers r. Choose r large enough so that 
rum > mm' + p and put k = rum' + p. Then {k + l)x < rnmx < ky. 
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If y is not an order unit, then consider the order ideal W in W generated by y (i.e., 
W consists of all elements w such that w cc y). Then y is an order unit in W and x 
belongs to W. Moreover, every state in S(W,y) restricts to a state in S(W',y); and 
every state in S(W', y) extends to a state in S{W^ y) by letting it attain the value oo in 
W \ W . In this way we can reduce the general case to the case dealt with above where 
y is an order unit. 

(ii) ^ (iii). This is contained in the proof of [22, Proposition 3.2], but here it comes 
again: First, if [k + l)x < ky, then x < ky, so x oc y. Second, {k + l)x < ky implies 
that f{x) < k{k + < 1 = f{y) for every / G S{W,y). 

(i) =^ (ii). Suppose (m + l)x < my for some positive integer m. Put ko = {m + l)m. 
For each k > k^ write k = (m + l)r + s, where r and s are non-negative integers with 
s < m. Note that necessarily r > m. Therefore 

{k + l)x = (m + l)rx + (s + l)x < (m + l)rx + (m + l)a; < mry + my < ky. 

□ 

Definition 2.2. Given x,y in an ordered abelian semigroup W. Then we say that 
X is stably dominated by y, written x <s y, if the equivalent conditions (i)-(iii) in 
Proposition 12.11 hold. 

Remark 2.3. Notice that the relation <s is transitive. Indeed, let x,y, z E W he such 
that X <s y and y <s z. Then by Proposition 12.11 (ii) there exists A; G N such that 
{k + l)x < ky and {k + l)y < kz. But then {k + l)x < ky < {k + l)y < kz, so x <s z. 

Remark 2.4. The notion of almost unperforation from [22| Definition 3.3] can, in 
terms of stable domination, be rephrased as follows. An ordered abelian semigroup W 
is almost unperforated if and only if for all x, y in W, x <s y implies x < y. 

Let us briefly remind the reader about the ordered Cuntz semigroup (s) Vr(y4) and Cu{A) 
associated to a C*-algebra A introduced by Cuntz in [5j. The (uncompleted) Cuntz 
semigroup iy(y4) arises as Moq{A)^ / ^, where Mao{A)~^ denote the positive elements 
in the disjoint union IJ^i Mn{A), and where ~ is Cuntz equivalence: For a e Mn{A)~^ 
and b G Mm{A)~^ write a ;^ 6 if xlbxk — )■ a for some sequence {xk} in Mm,n{A), and 
write a ^ b if a ^ b and b ^ a. Equip iy(y4) with addition arising from direct sum 
a Q) b = diag(a, 6) G Mn+m{A), and with the order induced by ^. Let (a) G ly(yl) 
denote the equivalence class containing a. 

In [4j, Coward, Elliott, and Ivanescu introduced a modified version of the Cuntz 
semigroup, Cvl{A). They use suitable equivalence classes of countably generated Hilbert 
modules (which, in the case of stable rank one, amount to isomorphism) to obtain 
an ordered abelian semigroup, which in certain good situations can be viewed as the 
completion of W^(y4), see [Ij, and which turns out to be order-isomorphic to W{A ^ 
fC). Unlike the functor A i— )■ Vr(A), the new Cuntz semigroup functor A i— )> Cn{A) is 
continuous; and Cu(A) is closed under suprema of increasing sequences. 
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Coward, Elliott, and Ivanescu also formalize the notion of compact containment in 
the Cuntz semigroup to arbitrary ordered abelian semigroups W that admit suprema of 
increasing sequences as follows: Given two elements x, y in W, x is compactly contained 
in sometimes colloquially referred to as x is way below y, and denoted hj x y, 
if whenever {yn} is an increasing sequence with supremum greater than or equal to y, 
eventually x < yn- 

A proto-example of compact containment in the Cuntz semigroup is ((a — ^ (a) 
that holds in Cu{A) for all C*-algebras A, for all positive elements a G A (g) /C, and for 
all e>0. 

Definition 2.5 (Complete ordered abelian semigroups). An ordered abelian semigroup 
(W^, +5 <) is said to be complete if every increasing sequence in W admits a supremum; 
and if for every pair of elements x,y ^ W the following holds: x < y ii and only if 
x' < y for all x' ^ W with x' ^ x. 

The Cuntz semigroup Cu{A) is complete and in fact belongs to the category Cu, 
defined in [1], which is the appropriate frame in which to study this object. For our 
purposes the weaker notion of completeness will suffice. 

Identifying A and matrix algebras over A as hereditary subalgebras of A® K, we can 
regard ly(yl) as being a subsemigroup of Cn{A). Each positive element a in A or in a 
matrix algebra over A defines a class (a) in Cu{A). 

Given a,b E A'^ write a ® In to denote the n-fold direct sum a © ■ ■ ■ © a. Clearly, 
(a © 1„) = n{a) in Cu{A). Write a -<s b if (a) <s (b). About this relation we have the 
lemma below, which is similar to [181 Proposition 2.4]. 

Lemma 2.6. Let a and b be positive elements in a C* -algebra A and suppose that a -<s b. 
Then, for each e > there exists 6 > such that (a — e)^ -<s {b — 5)^. 

Proof. For c G note that ((c © 1^) — = (c — © 1^- 

There exists a positive integer k such that {k + l){a) < k{b). Hence a©lfc+i ^ b<^lk. 
Let e > 0. It then follows from [181 Proposition 2.4] that there exists 6 > such that 



Let us note some properties that can be deduced from [TH Proposition 2.4] and 
Lemma [2T6l If x,y E Cu{A), then 

(a) X < y if and only if Xq < y for every xq G Cu(y4) with xq -C x; 

(b) if X < y and if Xq G Cu{A) is such that Xq <^ x, then there is j/o G Cu{A) with 
yo<^y and Xq < yo] 

(c) if X <s y and if Xq G Cu{A) is such that Xq ^ x, then there is yo G Cu(y4) with 
yo ^y and xq <s yo- 

Our first comparability property, given in Definition 12.81 below, is prompted by a result 
of Toms and Winter, [23i Lemma 6.1]. Recall that if r is a positive trace (or a 2- 
quasitrace) in A, then one can associate to it a dimension function d^: Cu{A) — > [0, oo] 



(a - 6)+ © Ife+i = (a © Ifc+i - 6)+ ;^ (& © U - £:) 
This shows that (a — 5)+ -<s (6 — + . 



+ 



(6-£)+©lfc. 



□ 
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given by 

(1) dr{{a)) = lim f(a^/'^), 

n— >oo 

where a is a positive element in yl ® and f is the usual extension of r to A /C. The 
trace property ensures that dr is well-defined. We can also view dr as being a function 
on the positive elements in A ® /C. We shall not distinguish between the two situations. 

Proposition 2.7 (Toms and Winter). Let A be a simple, separable, and unital C*- 
algebra of decomposition rank n < oo. Let a,dQ,di, . . . ,dn be positive elements in A 
such that dr{a) < dr{dj) for j = 0,1, ... ,n and for all tracial states t on A (where dr 
is the dimension function on A associated with the trace t). It follows that 

(a) < {do) + {di) + --- + {dn), 
in the Cuntz semigroup Cn{A). 

Definition 2.8 (The n-comparison property). Let {W,+,<) be an ordered abelian 
semigroup and let n be a natural number. Then W is said to have the n-comparison 
property if whenever x,yo, . . . ,yn are elements in W with x <s yj for all j, then x < 
2/0 + 2/1 H ^Vn- 

Note that W has the 0-comparison property if and only if W is almost unperforated, 
cf. Remark 12.41 Note also, that if W has the n-comparison property for some n, then it 
has the m-comparison property for all m > n. 

With Definition 12.81 at hand we can rephrase the proposition of Toms and Winter 
above as follows: 

Proposition 2.9. Let A be a simple, separable and unital C* - algebra with decomposition 
rank n < oo. Then W{A) and Cn{A) have the n-comparison property. 

Proof. By Lemma [2.101 below it suffices to show this for 14^(A). 

Let x,yo, . . . ,yn ^ W{A) be such that x <s yj for every j = 0, . . . ,n. Upon replacing 
A by a matrix algebra over A (which does not change the decomposition rank) we may 
assume that there are positive elements a,do,di, . . . ,dn in A such that x = (a) and 
Vj = (dj)- 

We know from Proposition 12.11 that f{x) < f{yj) for every dimension function / 
on A normalized at yj. As A is simple and unital, every such / is a multiple of a 
dimension function which is normalized at the unit: (1a)- It follows that d^ia) < dridj) 
for every tracial state r on A (because dr then is a dimension function on A normalized 
at 1a) Thus, by [23], Lemma 6.1] (which in fact is Proposition 12.71) . we get that a ^ 
do Q) di Q) ■ ■ ■ (B dn, which in turn implies that x < ?/o + 2/i + ■ ■ ■ + l/n, as desired. □ 

As mentioned in the introduction, Leonel Robert improved this result after the first 
version of this paper was made public, see [16]. 

Lemma 2.10. Let A be a C* -algebra, and suppose that W{A) has the n-comparison 
property. Then Cu(A) has the n-comparison property. 
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Proof. Let x,yo,yi, ■ ■ ■ ,yn in Cu{A) be given satisfying x <s yj for all j. As x is the 
supremum of an increasing sequence of elements {xk} from Vr(y4) each satisfying Xk x 
it suffices to show that x' < yo + ■ ■ ■ + yn for every x' G W^(yl) with x' ^ x. Each yj 

is likewise the supremum of an increasing sequence {yj^^} of elements from 14^ (A). Use 

property (c) above to conclude that there is a natural number k such that x' <s y^^ 
holds for all j. As the inclusion mapping iy(y4) C\i{A) is an order embedding, the 

inequality x' <s yf'^ also holds in W{A). It follows that x' < y^^ + ■ ■ ■+yrt^ < 2/o+" " 

as desired. □ 

We proceed to define a comparison property which is weaker than the ra-comparison 
property for all n. 

Definition 2.11 (The cu-comparison property). A complete ordered abelian semigroup 
{W, +, <) is said to have the u -comparison property if whenever x' , x, yo, yi, y2, ■ ■ ■ are 
elements in W such that x <s Vj for all j and x' <^ x, then x' < yo + yi + ■ ■ ■ + yn for 
some n (that may depend on the element x'). 

It is clear that if W has the n-comparison property for some n, then W also has the 
w-comparison property. 

We shall now (re-) define two even weaker comparison properties for an ordered abelian 
semigroup, the strong Corona Factorization Property and the Corona Factorization 
Property. These were also defined (slightly differently) in our paper, [T3j, written in 
parallel with this paper. In [T3] we were interested in the case of the (discrete) al- 
gebraically ordered semigroup, V{A), of Murray- von Neumman equivalence classes of 
projections. In the present case of the Cuntz semigroup, one has to take into consid- 
eration its continuous aspect where the definition below is more appropriate (and it 
extends the definition given in [H], see Remark I2.16p . We shall sometimes refer to the 
definitions of the Corona Factorization Property in p^] as the discrete versions and the 
ones given below as the continuous verions. 

Definition 2.12 (The strong Corona Factorization Property for semigroups). Let 
{W, +, <) be a complete ordered abelian semigroup. Then W is said to satisfy the strong 
Corona Factorization Property if given any x', x in W, any sequence {yn} in W, and 
any positive integer m satisfying x' ^ x and x < my^ for all n, then there exists a 
positive integer k such that x' < yi + y2 + ■ ■ ■ + yu- 

Fullness, as defined below, was also considered in [11], and again we must extend this 
definition so that it applies to complete ordered (positive) semigroups. 

Definition 2.13 (Full elements and sequences). Let (VF, +, <) be a complete ordered 
abelian semigroup. 

An element x in is said to be full if for any y' .,y &W with y' ^ y, one has y' oc x. 
A sequence {x„} in W is said to be full if it is increasing and for any y',y E W with 
y' ^ y, one has y' oc Xn for some (hence all sufficiently large) n. 
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Every order unit in W is full, but the reverse is not always true. The constant sequence 
{xn}, with Xn = X for all n, is full if and only if x is full. 

Suppose that A is a C*-algebra and that {a„} is a sequence of positive elements in 
A. Then {(a„)} is full in Cu{A) if and only if ai ^ a2 ^ ^ ■ ■ ■ and {a„} is full in A 
(in the sense of {a„} not being contained in a proper closed two-sided ideal in A). 

Definition 2.14 (Corona Factorization Property for semigroups). Let {W,+,<) be a 
complete ordered abelian semigroup. Then W is said to satisfy the Corona Factorization 
Property if given any full sequence {x„} in W, any sequence {?/„} in W, an element x' 
in W, and a positive integer m satisfying x' ^ Xi and x„ < mt/n for all n, then there 
exists a positive integer k such that x' < yi + 1/2 + ■ ■ ■ + i/k- 

Remark 2.15. The content of this remark was suggested to us by Leonel Roberts and 
George Elhott. 

Suppose that Vl^ is a complete ordered abelian semigroup that contains a full sequence 
(this is the case whenever W = Cu{A) where A is a separable C*-algebra). Then, letting 
u be the supremum of any full sequence in W, it follows that the supremum, p, of the 
sequence {nu} is the largest element in W, i.e., w < p for all w G W. In particular, p 
is properly infinite because 2p < p. Obviously p is unique with these properties. 

Consider the following property (Q) of W: For every u & W and for every natural 
number m, if mu = p, then u = p. (Equivalently, one can ask that u be properly infinite 
if a multiple of u is equal to p.) We show below that property (Q) implies the Corona 
Factorization Property, but we do not know if the two properties are equivalent in 
general. One could consider the following stronger property (QQ) of an ordered abelian 
semigroup W: every element u m. W a. multiple of which is properly infinite is itself 
properly infinite. Then clearly (QQ) implies (Q). It is shown in [TH Theorem 5.14] that 
any refinement monoid that satisfies the Corona Factorization Property also satisfies 
(Q), so the two conditions are equivalent in this case. It is also shown in Theorem 
5.14] that any refinement monoid that satisfies the strong Corona Factorization Property 
will satisfy (QQ) (and hence (Q)). In [3] it is shown that any complete ordered abelian 
semigroup with cu-comparison satisfies (QQ) (and hence (Q)). 

We proceed to show that (Q) implies the Corona Factorization Property. Indeed, let 
{xn} be a full sequence in W , let x' &W he such that x' ^ xi, let be a sequence 
in W such that x„ < m?/„ for all n and for some fixed m G N. Assume that condition 
(Q) above holds. We must show that x' < yi + ■ ■ ■ + foi some k. 

Note first that the supremum of the sequence {xi + ■ ■ ■ + Xn\ is p. For all w' <^ w 
in W we have w' < ixn for some natural numbers i, n. Hence w' < Xi + ■ ■ ■ + xg^n-i 
which again is less than the supremum of the sequence {xi + ■ ■ ■ + Let u be the 
supremum of the sequence {yi H — ■ + Then mu > m{yi + ■ — h t/„) > Xi + ■ — h x„ 
for all n. Therefore mu > p, whence mu = p. By assumption, u = p. In particular we 
have that xi < u. By the definition of compact containment (and of u) we obtain that 
x' < yi + ■ ■ ■ + yk for some k. 
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It is clear that any semigroup that satisfies the strong Corona Factorization Property 
also satisfies the Corona Factorization Property. It was shown in [2] that a conical 
refinement monoid satisfies the strong Corona Factorization Property if and only if 
every ideal of the monoid satisfies the Corona Factorization Property. It is not clear if 
this remains true without assuming the refinement property, but we shall show (implicit 
in Theorem I5.13P that this also holds for semigroups arising as the Cuntz semigroup 
of a cr-unital C*-algebra. We shall also see, as in the case of C*-algebras with real 
rank zero, that the Corona Factorization Property defined for semigroups matches the 
corresponding property for the C*-algebras (see Section 5). 

If W is an algebraically ordered semigroup, then the definitions given above for the 
(strong) Corona Factorization Property agree with the corresponding ones in [H]. The 
connection between the two notions is discussed in the remark below. 

Remark 2.16. Recall that an interval in an ordered abelian semigroup is a non- 
empty subset I of V which is order-hereditary and upwards directed. An interval I is 
said to be countably generated if there is a sequence {xn} of elements in I (that can be 
taken to be increasing) such that I = {x&V\x<Xn for some n}. 
The addition of two intervals / and J in is defined to be 

I + J={xEV\x<y + z with y E I,z E J}. 

Denote by A.{V) the ordered abelian semigroup of all intervals in V, where the order is 
given by set inclusion, and denote by Ao-(V) the subsemigroup of A(V^) whose elements 
are the countably generated intervals in V. Both semigroups are complete, cf. Defini- 
tion [231 The supremum of an increasing sequence {In} of intervals is U^^/„. Morever, 
if I is an interval, then [0, x] ^ / for every x G /. It follows immediately from this 
observation that if I and J are intervals such that I' ^ J for all /' <^ /, then I C J. 

Now assume that V is algebraically ordered. Then V satisfies the (strong) Corona 
Factorization Property (the discrete version defined in [13]) if, and only if, A„{V) satis- 
fies the (strong) Corona Factorization Property (the continuous version defined here). 
Let us sketch part of the arguments needed. Assume that V has the strong Corona 
Factorization Property, let X, Yi, I2, • • ■ be elements in Aa{V), and let m G N be such 
that X C mYn for all n. Let X' <^ X he given. Since X is countably generated by 
a sequence, say {xn}, that without loss of generality can be assumed to be increasing, 
there is i such that X' C [0, Xi]. It suffices to check that [0, Xi] ^ Yi + ■ ■ ■ + Yi for some I. 
As Xi belongs to mK„ for all n, and since each y„ is upwards directed, there is ?/„ G Y^ 
such that Xi < myn- By the assumption that V satisfies the strong Corona Factoriza- 
tion Property, this implies that Xi < yi + y2 + ■ ■ ■ + Vn for some n. This again implies 
X' C Yi + ■ ■ ■ + Yn, and thus proves that Acr(V^) has the strong Corona Factorization 
Property. 

In [14j, the authors proved that a C*-algebra with real rank zero has the (strong) 
Corona Factorization Property if and only if the projection semigroup V^(^) has the 
corresponding property (discrete version) for semigroups. Since V{A) is algebraically 
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ordered, it follows that Aa{V{A)) satisfies the (strong) Corona Factorization Property 
(continuous version) if and only if V{A) satisfies the corresponding property (the discrete 
version). In particular, since for a C*-algebra with real rank zero A, one has that Cu{A) 
is order-isomorphic to A„{V{A)) — see [H Theorem 5.7] — , our observations yield that, 
within this class, V^(^) has the (strong) Corona Factorization Property (discrete version) 
if and only if Cu{A) has the corresponding property (continuous version), if and only if A 
has the (strong) Corona Factorization Property for C*-algebras — the latter equivalence 
follows from the results in [2] . 

Proposition 2.17. Any complete ahelian ordered semigroup, which satisfies the u- 
comparison property, also satisfies the Corona Factorization Property. 

Proof. Let be a complete abelian ordered semigroup with the cu-comparison property. 
Let {xn} be a full sequence in W , let {?/„} be another sequence in W , let x' G W , and 
let m be a positive integer such that x' <^ xi and Xn < rnyn for all n. For each integer 
n > put 

= l/n(m+l)+l + Z/n(m+l)+2 + ' ' ' + |/ra(m+l)+m+l • 

Then 

(m + l)xi < + a;„(m+i)+2 + ■ ■ ■ + a;n(m+i)+m+i 

^ ^{yn{m+l)+l + 2/n(m+l)+2 + " " " + l/n{m+l)+m+l) = '^^n, 

whence xi <s Zn for all n. It follows that x' < zq + zi + ■ ■ ■ + Zn for some n, which 
entails that x' < ?/i + ?/2 H h y(n+i)im+i)- □ 

We shall finally consider the following notion of n-comparison that only involves full 
elements of the semigroup. (This shall be appropriate for studying the Corona Factor- 
ization Property for non-simple C*-algebras of finite decomposition rank.) 

Definition 2.18 (Weak n- and weak cj-comparison property). Let {W,+,<) be an 
ordered abelian semigroup. Say that W has the weak n-comparison property if whenever 
yo,yi, ■ ■ ■ ,yn are full elements in W and x & W are such that x <s yi for all i, then 

X <yo + yi^ \-yn- 

If W is complete, then we say that W has the weak u-comparison property if whenever 
X, x', yo, yi, . . . , are elements in W such that yo, yi, ■ ■ ■ are full elements, x' ^ x, and 
X <s yi for all i, then x' < yo + yi + ■ ■ ■ + yn for some positive integer n. 

The weak n- and the weak cu-comparison properties only makes sense for semigroups 
that contain a full element (if they don't, then they automatically possess this property). 
It is clear that if W satisfies the weak n-comparison property for some n, then it satisfies 
the weak m-comparison property for all m > n and it satisfies the weak w-comparison 
property. 

We show below that if Vr(A) has the weak n-comparison property then so does Cu{A). 
A new definition and a lemma is required for the proof. 
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We say that an element din a C*-algebra A is strictly full if {d—e)+ is full for some e > 
0, and hence for all sufficiently small e > 0. Note that any full projection automatically 
is strictly full. The lemma below characterizes C*-algebras whose primitive ideal space 
is compact (or, equivalently, C*-algebras that do not contain proper dense algebraic 
ideals) : 

Lemma 2.19. Let A be a C*-algehra such that A® IC contains a strictly full positive 
element. Then every full positive element in A is strictly full. 

Proof. View A as a full hereditary sub-C*-algebra of its stabilization A® IC. Let a be 
a strictly full positive element in A ® /C and choose 5 > such that (a — 5)+ is full 
in A ® /C. Let d be an arbitrary full positive element in A. For each e > consider 
the closed two-sided ideal 1^ oi A ® fC generated by {d — e)^. The closure of lj£>o-^e 
is a closed two-sided ideal m. A ® IC which contains d and hence is equal to A ® K. 
Consequently, IJe>o ^ dense (algebraic) ideal in A ® /C, which therefore contains 
the Pedersen ideal of A ® /C, which again contains (a — 5) + . It follows that (a — 5) + 
belongs to for some e > 0, whence 1^ = A IC, which again implies that {d — e)^ is 
full (in y4 /C and hence in A). □ 

If A is as above, if a; G Cu{A) is a full element, and if {x^} is an increasing sequence 
in Cu{A) with x = supf^Xk, then x^ is full for all sufficiently large k. Indeed, there is 
a (necessarily strictly full) positive element a in A K. such that x = {a). Find e > 
such that (a — e)+ is (strictly) full. It follows that x' = ((a — e)+) is full. As x' ^ x we 
have x' < yt for all large enough k, and an element is full if it dominates a full element. 

Lemma 2.20. Let A he a C* -algebra, and assume that A® IC contains a strictly full 
element and that W{A) has the weak n-comparison property. Then Cn{A) has the weak 
n-comparison property. 

Proof. We proceed exactly as in the proof of Lemma [2. 10 [ but now have that the y/s in 
that proof are full in Cu{A). It follows from Lemma [2 . 1 9 1 ab ove (and the remarks below 
it) that the yj'^^^s (from the proof of Lemma [2.10p are full (in Cu{A) and therefore also 
in 11^(74)) for all large enough k. We therefore obtain the desired conclusion as in the 
proof of Lemma 12.101 □ 

Proposition 2.21. Any complete abelian ordered semigroup, which satisfies the weak 
u-comparison property and which contains a full element that is compactly contained in 
another (full) element, also satisfies the Corona Factorization Property. 

Proof. Let W he a complete abelian ordered semigroup with the weak w-comparison 
property. By assumption there are elements v w in W such that v is full. 

Let {xk} be a full sequence in W, let {yk} be another sequence in W, let x' G W, 
and let m be a positive integer such that x' <^ x and Xk < myk for all k. By the 
definition of a full sequence (applied to v <^ w) we have that v oc Xk for all large enough 
k. Hence v oc y^ for all large enough k, whence yk is full whenever k is large enough. 
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Upon removing the first finitely many elements from the sequences {xk} and {yk} we 
can assume that all yk are full. 

Let now zq, Zi, Z2, . . . be as in the proof of Proposition 12. 171 above. Then zq, Zi, Z2, ■ ■ ■ 
are full and Xi <s Zj for all j. It follows that 

X' < Zo + Zi^ h = Z/l + 2/2 H \- 2/(n+l)(m+l) 

for some n, whence W has the Corona Factorization Property. □ 

In conclusion, we have defined the following comparability properties of a complete 
ordered abelian semigroup, listed in decreasing strength: 0-comparison (which is the 
same as being almost unperforated) , 1-comparison, 2-comparison, w-comparison, 
the strong Corona Factorization Property, and the Corona Factorization Property for 
semigroups. Moreover, we have defined weak n- and the weak w-comparison properties. 
We show below that the comparison properties above are in fact strictly decreasing 
in strength. An example a complete abelian ordered semigroup that has the strong 
Corona Factorization Property but not the w-comparison property is constructed in [3] . 
(That the strong Corona Factorization Property is strictly stronger than the Corona 
Factorization Property was already noted in [H].) 

Example 2.22. Let be a positive integer, let Wn be the subsemigroup of Z"*" generated 
by {0, n + l,n + 2}, and equip Wn with the algebraic order. Notice that 

{n + l){n + 2) - {n + 1) - {n + 2) = n"^ + n - 1 

is the largest natural number that does not belong to Wn- Suppose that x,yo,yi, . . . , ?/„ 
belong to Wn, that x <s yj for all j, and that x is non-zero. Then all yj's are non-zero, 
whence 

I/O + 2/1 H \-yn- x>yi+y2^ \-yn>n{n + l), 

(where the ordering above is the usual one in Z) , which shows that x < yQ + yi + ■ ■ ■ + yn 
(with respect to the order given on Wn)- Hence Wn has the n-comparison property. 

On the other hand, if we take x = n + 1 and yo = y\ = ■ ■ ■ = yn-i = n + 2, then 
X <s Vj for all j, but 

I/O + 2/1 H \- Vn-i - x = n{n + 2) - (n + 1) = + n - 1, 

which does not belong to Wn- Hence x ^ y^ + yi + ■ ■ ■ + yn-i in Wn, whence Wn does 
not have the {n — l)-comparison property. 

Next, put Wi^ = (as an ordered abelian semigroup). Then W^j has the 

w-comparison property, but does not have the n-comparison property for any finite 
ri- Indeed, suppose that x,y^,y^, - - - in W^^ are such that x <s y^ for all j- Write 
X = {xi,X2, - - - ) and y^ = {y{,y2, - - - with Xk and y], in Wk for all k- Then = for 
all k greater than some k^ G N. Since Wk has fco-comparison when k < ko, we have 

xk<yl + yl + --- + yt° 

(in Wk) for all k, whence x < y'^ + y^ + ■ ■ ■ + y^° (in W^)- 
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Conversely, given a positive integer n, choose x' , i/q, y'l, . . . , y'^ in Wn+i such that 
x' <s y'j for all j, and such that x' ^ y'^ + y[ + ■ ■ ■ + yl^. (This is possible because Wn+i 
does not have the n-comparison property.) Let x,yo,yi, ■ ■ ■ , yn in W^i be the elements 
whose coordinates in the (n + 1) position are, respectively, x', y'^, y[, . . . , y'^, and whose 
other coordinates are zero. Then x <s yj for all j while x ^ yo + yi + ■ ■ ■ + yn- Hence 
does not have the n-comparison property. 

3. The Corona Factorization Property for C*-algebras with finite 

decomposition rank 

We have already mentioned the result, [123, Lemma 6.1], of Toms and Winter which im- 
plies that the Cuntz semigroup of a simple unital separable C*-algebra has n-comparison 
property. We wish to extend this result to the non-simple case, and state for this pur- 
pose a lemma whose proof actually is contained in the proof of [2^1 Lemma 6.1] (follow 
that proof from Equation (10) to its end) and therefore is omitted. 

Lemma 3.1 (Toms and Winter). Let A be a separable C* -algebra with finite decompo- 
sition rank n. Suppose that a,do, . . . ,dn & and a > satisfy 

Vr e T{A) : dr{a) < dr{di) - a, 

where d^- is the dimension function associated to t as in . Then a ^ doQdi®- ■ -(Bdn- 

Proposition 3.2. Let A be a separable, unital C* -algebra with decomposition rank n < 
oo. Then W{A) and Cu{A) have the weak n-comparison property. 

Proof. By Lemma [2.201 it suffices to prove the proposition for iy(A). 

Let x,yo, . . . ,yn € iy(y4) with yi full and x <s Vi be given for every i. Then, by 
Proposition 12. H there exists k such that {k + l)a; < kyi for all i. 

As yo, . . . ,yn are full, there is a natural number N such that (1^) < Nyi for all i. 
Choose < a' < (A; + 1)"^ and let a = a'/N. Let now / e S{W{A), {1a)). We then 
have that 1 < Nf{yi) for all i, whence a < f{y.j)/{k + 1). Therefore: 

/(^) < ^^f(y^) = fiy^) - iri < f(y^^ - " ' 

for all i. 

In particular, (i^(x) < dr{yi) — « for all i and for every tracial state r on A 
Finite decomposition rank passes to matrices, so upon replacing A with a matrix 
algebra over A, we can suppose that there exist positive elements a and do, di, . . . ,dn in 
A, with di full, such that x = (a) and yi = (di) for all i. Then dr{a) < dr{di) — a for all 
i and for all tracial states r on A. Lemma \3A] then implies that a ^ do Q) di Q) ■ ■ ■ ® dn, 
which again implies that x < yo + yi + ■ ■ ■ + yn desired. □ 

Combining Proposition 12.211 and Proposition 13.21 we get: 

Corollary 3.3. Let A be a separable, unital C* -algebra with finite decomposition rank. 
Then Cu(A) has the Corona Factorization Property. 



14 



EDUARD ORTEGA, FRANCESC PERERA, AND MIKAEL R0RDAM 



4. Stability of C*-algebras 



We show in this section that a C*-algebra whose Cuntz semigroup has the cj-comparison 
property is stable if and only if it has no unital quotient and no bounded 2-quasitrace. 
We introduce a property (S) of a C*-algebra that we show is equivalent to having no 
non-zero unital quotients and no bounded 2-quasitraces. 

It was shown in [9] that a separable C*-algebra A is stable if and only if to every 
a e F[A) there exists b G A'^ such that a ± 6 and a ^b. (The set F{A) consists of all 
positive elements a in A for which a = ae for some positive element e in A (that can be 
taken to be a contraction).) We shall here consider a weaker version of this condition, 
where we replace the relation a^b with the relation a -<s b considered in Section El 

Definition 4.1. A C*-algebra A is said to have property (S) if for every a G F{A) there 
exists b G such that a ± 6 and a -<s b. 

It follows immediately from the definition, the results from [9] quoted above, and from 
Remark |2.4[ that if A is a separable C*-algebra for which Cu(A) is almost unperforated, 
then A has property (S) if and only if A is stable. It is easy to see that every stable 
C*-algebra has property (S). 

Lemma 4.2. Let A he a separable C* -algebra with property (S). Then A has no non-zero 
unital quotients. 

Proof. Let / be an ideal of A such that A/ 1 is unital. Let e + / be the unit of A/J, 
with e G A'^ . Upon replacing e with g{e), where g: M"*" — )■ [0, 1] is a continuous function 
which vanishes on, say [0, 1/2], and with g{l) = 1, we can assume that e G F{A). By 
the assumption that A has property (S) there exists b G A"^ such that e _L 6 and e -<s b. 
Now, = e6 + / = 6 + /, so 6 belongs to /. The relation e -<s b implies that e belongs 
to the closed two-sided ideal generated by b, and hence to /. Thus, e + J = and 



Lemma 4.3. Let A be a separable C* -algebra with property (S). Then given any a G 
F{A) there exists b G F{A) such that 

a Lb, a-<sb, a-\-beF{A). 

If, moreover, A^ IC is assumed to contain a strictly full positive element, then b above 
can be chosen to be strictly full in A. 

Proof. Let a G F{A), and choose d in A'^ with da = ad = a. Let g: — ?■ [0, 1] be a 
continuous function which is zero on [0, 1/2] and with g{l) = 1, and put e = g{d). Then 



A/ 1 = 0. 



□ 



e G F{A) 



ea = ae = a 



« ;i (e - 1/2) 



e 



1. 



Since A has property (S) there exists 6o ^ A'^ such that e ± 6o and e -<s 6o- It follows 
from Lemma 12.61 that there exists 6 > such that (e — 1/2)_|_ -<s {bo — 5)_|_. Put 
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b = {bo — (5)+ G F{A), and set / = h{bo) where h: IR+ — )• [0, 1] is a continuous function 
such that h{0) = and h{t) = 1 for t > 5. Then a -L b, a -<s b, and 

{e + f){a + b) = ea + fb = a + b. 

The latter shows that a + b belongs to F{A). 

Assume now that A ^ }C contains a strictly full positive element. We show how to 
modify the proof above so that b becomes strictly full. Let B be the hereditary sub- 
C*-algebra of A consisting of all elements which are orthogonal to e. Then B is full in 
A. Indeed, because e belongs to F{A) there exists a positive element e' in A such that 
e'e = ee' = e. Let / be the closed two-sided ideal in A generated by B, and assume, to 
reach a contradiction, that I were proper. Then e' + / would be a unit for A/ 1, thus 
contradicting Lemma [4. 2[ 

It follows from Brown's theorem that B ® IC is isomorphic to A ® /C, and so 5 Cg) /C 
contains a strictly full positive element. Hence, by Lemma 12.191 any full element in 
B is strictly full. Upon replacing the element bo from above with the sum of bo and a 
positive strictly full element in B we can assume that bo is strictly full. It follows that 
b = {bo — 6)j^ is full (and hence strictly full) if 5 > is chosen sufficiently small. □ 

Lemma 4.4. Let A be a separable C* -algebra with property (S). Then for every a G 
F{A) there is a sequence bo,bi,b2, ■ ■ ■ of elements in F{A) such that the elements 
a, bo, bi, 62, • • • are pairwise orthogonal, a + bo + bi + ■ ■ ■ + bn belongs to F{A) for all n, 
and such that a -<s bo ~<s bi ~<s ■ ■ ■ ■ 

If, moreover, A ^ K, is assumed to contain a strictly full positive element, then 
bo, 61, &2; • • • above can be chosen to be strictly full in A. 

Proof. The existence of 60 such that a -L bo, a -<s bo, and a + bo belongs to F{A) 
follows from Lemma 14.31 Suppose that n > and that bo,bi, . . . ,bn have been found 
such that a,bo,bi, . . . ,bn are pairwise orthogonal, a -<s bo -<s 61 -<s ■ ■ ■ -<s bn, and 
a + bo + bi + ■ ■ ■ + bn belongs to F{A). Then, by Lemma H73| there is bn+i in F{A) which 
is orthogonal to the sum a + bo + bi + ■ ■ ■ + bn (and hence to each of the summands) , such 
that a-\-bo+bi + - ■ ■+bn -<s bn+i (and hence 6„ -<s &n+i) and such that a+bo+bi + - ■ ■+bn+i 
belongs to F{A). 

Finally, use Lemma 14.31 to see that each of the positive elements bj above can be 
chosen to be strictly full if A ® /C contains a strictly full positive element. □ 

We will now give an algebraic characterization of property (S) for a C*-algebra. The 
characterization is very similar to, but sharpens, [81 Theorem 3.6]. The reader is referred 
to [2] for the definition and properties of 2-quasitraces. Let us just here remind the 
reader than any 2-quasitrace on an exact C*-algebra is a trace, and that the short- 
coming of a quasitrace (compared with a trace) is that it only is assumed to be additive 
on commuting elements. 
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Proposition 4.5. Let A be a separable C* -algebra. Then A has property (S) if and 
only if A has no non-zero bounded lower semi- continuous 2-quasitrace and no non-zero 
unital quotient. 

Proof. The "if" part is contained in the proof of [8, Theorem 3.6]. 

To prove the "only if" part, suppose that A has property (S). By Lemma [4.21 A has 
no non-zero unital quotients. Suppose, to reach a contradiction, that r is a non-zero 
bounded 2-quasitrace on A, and let dr be the associated lower semicontinuous dimension 
function on (cf.. Equation ([1])). Since r is non-zero there is a positive element a in 

A such that dr{a) > 0, and since dr is lower semicontinuous, (i^((a — e)^) > for some 
e > 0. We can now use Lemma to find a sequence bo = {a — e)^,bi,b2, ■ ■ ■ of pairwise 
orthogonal elements in F{A) such that bo -<s fei ^2 ~<s ■ ■ ■ • By Proposition 12.11 we 
have < dr{{bo)) < dr{{bi)) < (ir((&2)) < ■ ■ ■ , and in particular 

driibo + &i + • • ■ + bn)) >{n + l)dr{{{a - £)+)). 

On the other hand, one has dr{{c)) < \\t\\ for all c in A'^, and so the inequality above 
is in contradiction with the assumed boundedness of r. □ 

It is well-known that stability is not a stable property (see [19j). Property (S), however, 
is a stable property, as easily follows from Proposition 14.51 above: 

Corollary 4.6. Let A be a separable C*-algebra. Then the following conditions are 
equivalent: 

(i) A has property (S). 

(ii) Mn{A) has property (S) for some natural number n. 

(iii) Mn{A) has property (S) for all natural numbers n. 

Proof. By Proposition 14.51 it suffices to check that each of the two properties: having a 
non-zero unital quotient, and having a non-zero bounded 2-quasitrace, passes to matrix 
algebras and back again. This is trivial for the first. It is a theorem (see [2]) that 
2-quasitraces extend to all matrix algebras (and vice versa). □ 

The result, [HI Theorem 3.6], that we have used extensively in the proof of Propo- 
sition 14.51 above, actually says that a separable C*-algebra with almost unperforated 
Cuntz semigroup is stable if and only if it has no non-zero unital quotient and no non- 
zero bounded 2-quasitrace. Reminding the reader that almost unperforation is the same 
as the "0-comparison" property, we can extend [8l Theorem 3.6] as follows: 

Proposition 4.7. Let A be a separable C* -algebra such that Cu(A) satisfies the uj- 
comparison property (cf. Definition \2.11\) . Let B be a hereditary sub-C* -algebra of 
A® IC. Then the following conditions are equivalent: 

(i) B is stable 

(ii) B has no non-zero unital quotient and no non-zero bounded 2-quasitrace. 
(ni) B has property (S). 
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Proof. Conditions (ii) and (iii) are equivalent for all separable C*-algebras by Proposi- 
tion and (i) clearly implies (ii) (again for all C*-algebras) (see eg. [5]). 

(iii) =^ (i). By [Qj Proposition 2.2] it is enough to show that for every a G 
and every e > there exists b G such that {a — e)+ ^ b and (a — £)+ ± b. 
(Indeed, if such an element b exists, then (a — 2e)+ = x*bx for some x E B] whence 
(a - 2e)+ ~ b^/^xx*b^/^ := bo ± {a - 2e)+, and \\a - (a - 2£)+|| < 2^.) 

Since {a—e/2)^ belongs to F{B) we can apply Lemma to get a sequence of positive 
elements bo, 6i, 62, • • • in F'iB) such that (a — e/2)+ -<s bo -<s bi -<s &2 -<s ■ ■ ■ and for 
which {a — 6/2)^,bo,bi,b2, ■ ■ ■ are mutually orthogonal. The corresponding elements 

x' = {(a-e)+), X = {{a-e/2)+), Vj = {bj) 

in Cu{A) satisfy x' ^ x and x <s yj for all j. By the assumption that Cu{A) satisfies 
the cu-comparison property there is a natural number n such that x' < yi + ■ ■ ■ + t/n- 
Thus, (a — £:)+ ;^ 60 + ■ ■ ■ + (relatively to A ® /C and therefore also relatively to the 
hereditary sub-C*-algebra B of IC) and (a — £:)+ -L bo + ■ ■ ■ + bn as desired. □ 

We have the following analog of Proposition 14.71 where the assumption on the compari- 
son property of the Cuntz semigroup is weakened, but where we instead have to assume 
the existence of a full projection: 

Proposition 4.8. Let A be a separable C*-algebra such that Cu{A) satisfies the weak 
u-comparison property and such that A^ }C contains a full projection. Let B be a full 
hereditary sub-C* -algebra of A®1C. Then the following conditions are equivalent: 

(i) B is stable 

(ii) B has no non-zero unital quotient and no non-zero bounded 2-quasitrace. 

(iii) B has property (S). 

Proof. Proceeding as in the proof of Proposition 14. 7^ we only need to prove (iii) ^ (i); 
and to prove that (i) holds it suffices to show that for every a G B^ and every £ > 
there exists b G B^ such that (a — £)+ ;^ 6 and (a — e)+±6. 

Since A®1C contains a full projection (which automatically is strictly full), it follows 
from Lemma 12.191 that all full positive elements in A ® /C are strictly full. As B is 
separable, it contains a full (positive) element, which is then full in A ® /C and hence is 
strictly full in A ® /C and therefore also strictly full in B. Apply Lemma [4.41 to get full 
positive elements bo, 61, 62, • • • in F{B) such that (a — e/2)^ -Kg bo -<s &i -<s &2 -<s ■ ■ ■ 
and such that (a — e/2)+, bo, 61, 62 • • • are mutually orthogonal. Proceed as in the proof 
of Proposition 14.71 (where it suffices to have the weak cj-comparison property because 
the elements yj = (bj) are full in Cu{A)) to obtain the desired element b. □ 

We end this section by describing when separable C*-algebras with finite decomposition 
rank are stable (under the assumption that their stabilization contains a full projection): 

Corollary 4.9. Let A be a separable C* -algebra with finite decomposition rank, and 
assume that A^ K. contains a full projection. Then the following conditions are equiv- 
alent: 
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(i) A is stable. 

(ii) A has no non-zero unital quotients and no non-zero bounded positive traces. 

(iii) A has property (S). 

Proof. Let p be a full projection in A® K, and put B = p{A (g) IC)p. Then B has the 
same decomposition rank as A, say n; and B is unital. It follows from Proposition 13.21 
that Cu(-B) has weak n-comparison and therefore also the weak cj-comparison property. 
As A is (isomorphic to) a full hereditary sub-C*-algebra oi B®K the result now follows 
from Proposition 14. 81 (In (ii) we have used that any 2-quasitrace on a nuclear C*-algebra 
is a trace.) □ 

5. The Corona Factorization Property and the Cuntz semigroup 

Recall that a C*-algebra A is said to have the Corona Factorization Property if every 
full projection in the multiplier algebra of A ® /C is properly infinite. It was observed 
by Kucerovsky and Ng in |T2] that the Corona Factorization Property is equivalent 
to a statement regarding stability of full hereditary sub-C*-algebras of the stabilized 
C*-algebra. Our aim here is to characterize the Corona Factorization Property for C*- 
algebras in terms of the comparison property of the Cuntz semigroup of the same name 
introduced in Section [2j We shall need several lemmas before we can arrive at the main 
results of this section. 

Lemma 5.1. Let A be a a-unital C*-algebra and suppose that {ck} is an increasing 
approximate unit for A consisting of positive contractions. Then: 

(i) For every positive a in A and for every e > one has {a — e)+ ;^ for all large 
enough k. 

(ii) {(cfc)} is a full sequence in Cu{A). 

Proof, (i). We have Wa^^'^e^a^^'^ ~ < ^ for k large enough, whence (a — e)^ ~^ 

(ii). The sequence {{ek}} is clearly increasing. The fullness property of this sequence 
follows from (i), from the fact that {ck ® ln}'kLi is an approximate unit for Mn{A) and 
that U^^i Mn{A) is dense in A ® /C. □ 

Recall from Section S] the definition of the set F{A) of compactly supported elements 
in a C*-algebra A. Suppose that A is a-unital. Then, to any strictly positive element c 
in A one can associate the set 

Fc{A) := {b e A'^ \ ge{c)b = b for some e > 0}, 

cf. [9], where ge'. — )• is the continous function that vanishes on [0,e], is equal to 
1 on [2e, oo) and is linear on [e,2e]. It is easy to see that Fc{A) is a dense subset of 
F{A), which — unlike F{A) — is closed under addition. 

We shall use below that whenever c G A is a strictly positive element of A, then c® In 
is a strictly positive element of Mn{A). 
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Lemma 5.2. Let c be a strictly positive element of a C*-algehra A, and let a = (aij) 
be a positive element in M„(y4). Let d = Yl^=i^jj ^ ■^''^"^ ^/ diagonal 

elements of a. Then (a) < n{d) ; and d belongs to Fc{A) if a belongs to Fc®i^(M„(A)). 

Proof. Let £ > 0. For each i = l,2,...,n, let {e^^^}'^^-^ be an approximate unit for 
auAau, and put Ck = diag(e[,^\ . . . ,6^""^). Then e^'^ ^ clu ^ d for all k. Also, {ck} is 
an approximate unit for aMn{A)a, whence (a — £:)+ ;^ Ck for all large enough k, cf. 
Lemma [5. 1[ We therefore conclude that 

n 

((a-e)+)<(e,) = 5^(e«)<n(rf). 

i=l 

This proves the first claim because e > was arbitrary. 

Suppose that a belongs to Fc^i^{Mn{A)). Then there is e > with g^^c ® ln)a = a- 
As gs{c ® In) = 5'e(c) ® In, this is easily seen to imply that gs{c)aii = an for all i, hence 
an e Fc{A). Thus d belongs to Fc{A). □ 

Lemma 5.3. Let A be a a-unital C* -algebra, and fix a strictly positive element c in A. 
Suppose that Mn{A) is stable for some positive integer n. Then for all elements a, h in 
Fc{A) there exists an element d in Fc{A) with a ± d and h ® In ^ d® In- 



Proof. Let a,b G Fc{A). Then a and b both belong to gs{c)Ags{c) for some 6 > 0. 
Clearly, a,b ^ gs{c) and gs{c) ® !« G Fc0i^(M„(A)). Using that Mn{A) is stable, we 
find an element b' G Fcg,i„(M„(yl)) such that b' ± gsic) 1„ and gs{c) <^ In ^ b', cf. P, 
Lemma 2.6 (i)]. Let G A be the sum of the diagonal elements in b'. Then d belongs 
to Fc{A) and 6' ;^ ® 1„ by Lemma [5.2[ This shows that 

b ® In :< gsic) ® In :i b' :< d ® In. 

Since 6' ± (75(0) ® In, it follows that d ± (?5(c), whence d ± a. □ 

The lemma below is a reformulation of the characterization of stability from [9J. 

Lemma 5.4. Let A be a a-unital C*-algebra with a strictly positive element c. Then A 
is stable if and only if for every £ > there exists b G A^ such that 5 _L (c — e)+ and 
{c-e)+^b. 

Proof. The "only if" part follows from [9l Theorem 2.1]. To prove the "if" part, we verify 
that condition (b) of P, Proposition 2.2] is satisfied. To this end, let a G F{A) and e > 
be given. Choose 5 > such that \\a — gs{c)ags{c)\\ < e/2, put a' = gs{c)ags{c), and 
find d G A"*" such that (c — 5)+ ± d and (c — 5)+ ^ d. Then a' ± and a' ^ gs{c) ;^ d. 
Hence there exists t in A such that 6' := (a' - £:/2)+ = t*dt. Put c' = d^/Ht*d^/'^. Then 
||a-6'|| <e, 6'±c', and6'~c'. □ 

Proposition 5.5. Let A be a a-unital C*-algebra whose Cuntz semigroup Cu{A) sat- 
isfies the Corona Factorization Property for semigroups. Then A is stable if M^iA) is 
stable for some m G N. 
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Proof. Suppose that Mm{A) is stable for some natural number m. Let c be a strictly 
positive element in y4+, and let £ > be given. Choose a decreasing sequence 
of strictly positive real numbers that converges to zero, and such that ei < e. Let 
On = (c — Sn)+- Since a„ is Cuntz equivalent to 5'e„(c) and {fl'£„(c)} is an increasing 
approximate unit for cAc = A, it follows from Lemma [5. II that {(a„)} is a full sequence 
in Cu{A). 

We use Lemma [53] to construct a sequence di, ■ ■ ■ of positive elements in Fc{A) 
such that ai, (ii, (i2, • • • are pairwise orthogonal and an ^ dn^ Im for all n. Indeed, at 
stage n, since ai,di, . . . belong to Fc{A), so does their sum, and so we can find 

dn G Fc{A) orthogonal to ai + + ■ ■ ■ + dn-i satisfying a„ ;^ rf„ !„. 

Now, apply the Corona Factorization Property for Cu(y4) to {(o-n)} and {{dn}} (that 
satisfies (a„) < m{dn) for all n). Thus, for our e > 0, since ((c— £:)+) ^ ((c— £1)+) = (ai) 
there is a natural number k such that 

((c - e)+) < (c/i) + (rfa) + ■ ■ ■ + (4) = (4 + 4 + ■ ■ ■ + 4) , 
which implies that A is stable (by virtue of Lemma [5 ■4p . □ 

If A is a non-unital C*-algebra, then we shall denote its multiplier algebra by Ai{A) 
and the unit in the multiplicer algebra by 1. 

Lemma 5.6. Let A be a a-unital stable C* -algebra and let a be a positive contraction 
in A. Then 1 — a is a properly infinite, full, positive element in Ai{A). 

Proof. It follows from [9], Corollary 4.3] that (1 — a)A(l — a) is stable. Hence 1 — a is 
properly infinite, cf. fUJ, Proposition 3.7]. We proceed to prove that 1 — a is full in 
M{A). 

Take positive functions f,g: [0, 1] — t- [0, 1] such that / is zero on [0, 1/2], f + g = 1, 
and g{l) = 0. Then g{a) belongs to (1 — a)A(l — a). Since A is stable and a-unital we 
can find a positive element b in A such that 6 ± (a — 1/2)+ and (a — 1/2)+ ^ b. Then 
/(a) ± b, whence 

b = if (a) + g{a))b{f{a) + g{a)) = g{a)bg{a) e (1 - a)A(l - a). 

As /(a) ^ {a — 1/2)+ ^ b, we see that /(a) belongs to the closed two-sided ideal in 
A4{A) generated by 1 — a. As g{a) belongs to (1 — a)A4{A){l — a), we conclude that 
the closed two-sided ideal generated by 1 — a contains 1 = /(a) + g{a), and hence is 
equal to (A). □ 

Lemma 5.7. Let A be a a-unital stable C* -algebra and let T be a positive element in 
Ai{A) such that 1 '^T (or, equivalently, such thatT is full and properly infinite). Then 
TAT is stable. 

Proof. Put B = TAT. Since A is cr-unital, then so is i?. 

There is 5 > such that 1 ^ (T — 25)+, whence 1 = R*(T — S)+R for some element 
R in MiA). Put V = {T - Sf^'^R and put T' = g{T), where g: M+ ^ [0,1] is 
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a continuous function such that g{0) = 0, g{t) = 1 for t > S, and g is hnear on 
[0,6]. Then T'AT' = TAT = B, and V is an isometry whose range projection satisfies 
VV*T' = VV*. 

To show that B is stable, we use [9], by which it suffices to show that for each 
a G F{A) there is 6 G such that a _L 6 and a ^ h. Take a G F{B), and let e be a 
positive contraction in B such that ae = ea = a. Put Tq = (1 — e)T'(l — e), and note 
that ToATo C 5. Now, 

V*ToV = V*T'V - V*{eT' + T'e - eT'e)V = 1 - c, 

with c = V*{eT' + T'e — eT'e)^ G A. As V*TqV is a positive contraction, the element c 
is also a positive contraction. We can therefore use Lemma [5^ to conclude that V*ToV 
is properly infinite and full. As V*ToV ^ Tq we also have that Tq is properly infinite 
and full. This again entails that 1 ^ Tq, and so there is an isometry W in A4{A) 
whose range projection, WW*, belongs to ToA^(A)To. In particular, WW* ± a. Put 
b = WaW*. Then 6 is a positive element in B, b -L a, and 6 ~ a as desired. □ 

Let y4 be a stable C*-algebra. Then there exists a sequence {Sn} of isometrics in 
A4{A) with orthogonal range projections and such that Yl'^=i ^nS* = 1 (the sum being 
convergent in the strict topology). Let {a„} be any bounded sequence of elements in 
A (or in J^{A)). Then Yl'^=i ^nO^nSn is strictly convergent to an element in J^{A). 
We shall denote this element by fln- If {Tn} is another sequence of isometrics in 

Ai{A) with range projections adding up to 1 in the strict topology, then T„5'* is 

strictly convergent to a unitary U in Ai{A) and U (^J2'^=i ^nO^nS^^U* = Yl'^=i'^nO"nT*. 

This shows that the element cin is independent on the choice of the sequence {Sn} 

of isometrics, up to unitary equivalence. 

Lemma 5.8. Let A be a stable a-unital C*-algebra which satisfies the Corona Factor- 
ization Property. Let T be a full, positive element in Ai{A). Then a ^ T for every 
positive element a in A. 

Proof. Put B = TAT. Then S is a full hereditary sub-C* -algebra of A because T is 
full in M{A). 

Again using that T is a full element in the properly infinite C*-algebra Ai{A), there 
is a positive integer n such that T In is properly infinite. As, 

M„(5) = (T®1„)M„(A)(T® In), 

we conclude from Lemma [5.71 that Mn{B) is stable. Because A is assumed to satisfy 
the Corona Factorization Property, we can now conclude from fTIl Theorem 4.2] that 
B is stable. 

Let a be a positive element in A and let e > be given. As B is full in A we can 
find a positive integer n, positive elements 6i, . . . , 6„ in 5, and elements xi, . . . , in A 
such that (a — e)+ = J2j=i ^j^j^j- Because B is stable there are isometrics Si, . . . , Sn 
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in Ai{B) with orthogonal range projections. We now get 

(a-£)+ ;^ 6i©62©---©&n ~ + Sa^s^* + ■ ■ ■ + 5„6„S: ;< T. 

As this holds for all e > 0, we have a ;^ T as desired. □ 

The lemma below is similar to [17, Corollary 2.7], but we do not assume below that A 
is unital. If a and b are positive elements in a C*-algebra and if m is a positive integer, 
then we shall write a b to denote that a ;^ 6 ® Im- 

Lemma 5.9. Let A be a a -unital stable C* -algebra, and let c be a strictly positive 
contraction in A. 

Let {a„} be a bounded sequence of positive elements in A. Then ©.^^ ctn defines a 
full element in M.{A) if there exist 5 > and a positive integer m such that for every 
e > and for every positive integer k there is an integer i > k such that 

(c - e)+ :<m (ofc - 5)+ © (afe+1 - 5)+ © ■ • ■ © (a^ - 5)+. 

Proof. We show that 1 (^n, which of course will imply that a„ is full. 

By assumption we can find integers 1 = ki < k2 < k^ < ■ ■ ■ such that 

(c - ^)+ - S)+ © {ak„+i - 5)+ © • ■ ■ © (afc„+i_i - 5) + 

for all n. 

Choose isometrics Ti,T2, . . . ,Tm in J^{A) with range projections adding up to 1. 
Then we can identify ( ctn) © Im with 

m oo oo m oo m 

j=l n=l n=l j=l n=l j=l 

(We have here used that the range projections of the two families of isometrics, {SnTj} 
and {TjSn}, sum to 1 in the strict topology.) Put 

bn= E '^'^ ( E ^J""^/) ~ (^'^^ ® ^k„ + l © • ■ ■ © ak„+i-l) © Im- 
k=hn j — 1 

Then ( a„) © ~ ^n, the latter sum is strictly convergent, and (c — ;^ 

(6ri — 1^)+ for all n. We must show that 1 ;^ ^n- 

Choose a strictly decreasing sequence of positive real numbers such that ^2 = 1 
and Sn+2 > l/n for all n. Define gn- [0, 1] — )■ [0, 1] to be the continuous function which 
is zero on [0, 5„+2] U [Sn,l] (note that [Si, I] = 0), gn{Sn+i) = 1, and gn is linear on 
[5„+25 5n+i] and on [5„+i,5„]. Then 1 = J2'^=i9n{.c) and the sum is strictly convergent. 
Moreover, since 6n+2 > ^/n, we have 5'„(c) = x*(6„ — for some element x„ in A. 

Let h: [0,1] — >■ M"*" be the continuous function which satisfies h(0) = 0, h(t) = t"^/^ 
for t > 6, and is linear on [0,6]. Put y„ = h{bn){bn — S)^/'^Xn. Then < 5^^/^ 
(because \\{bn - ^f-l'^XnW = ||5'n(c)||^/^ = 1 and ||/i(6„)|| < 6'^^^), and y^bnUn = gn{c). 
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Notice that j/„ belongs to the set bnAgn{c). Put Y = Yl'^=iyn ^ AiiA) (the sum is 
strictly convergent). Then, 

oo oo oo oo 

y*{j2^n)Y^Yl ^*^-Y = Yl ynbnVn = ^ 9n{c) = 1, 
n=l n=l n=l n=l 

which shows that 1 ^ XlJ^i ^n- D 

Lemma 5.10. Lei A be a stable a-unital C*-algebra which satisfies the Corona Fac- 
torization Property. Let ai, 02, . . . , fci, &2) • • • be positive elements in A, and let m be a 
positive integer such that Oi ;^ ^2 ^3 ■ • • ? such that the set {an} is full in A, and 
such that an ^bn<S>lm for alln. It follows that for each rj > there is a natural number 
k such that 

(ai - 7y)+ ;^ 61 © 62 e • • • © bk. 
Proof. We note first that we can choose Sn > such that 

(oi - Si)+ (a2 - ^2)+ ;^ (03 - (^3) ;^ • • • , 

and such that {(a^ — Sn)+}'^=i is full in A. (Let us prove this fact: As aj a„ 

whenever I < j < n there is 77^ > such that (a^ — ^ {an — Vn)+ for j = 

1,2, ... ,n — 1. We choose now Sn inductively such that < 5„ < rjn and such that 
{ttn-i — Sn-i)+ ^ {an — 5n)+- For n = 1 wc can take = rji. For n > 2, since 
dn-i ^ dn, there is 5n G {0,Vn] such that (a„_i — Sn-i)+ ^ {an — Sn)+- To see that the 
sequence {(a„ — Sn)+}'^=i is full in A, let / be the closed two-sided ideal generated by 
this sequence. Since {aj — l/n)+ ;^ (a„ — rjn)+ ^ (^n — 5n)+ G I whenever 1 < j < n, 
we see that (oj — l/n)+ belongs to / whenever n > j. It follows that aj belongs to / 
for all j, whence I — A, because the sequence {a„} was assumed to be full.) 

Next we choose S'n> such that (a„ — 6n)+ '^m {K — Sn)+ for all n. Let gn ■ [0, 1] — >■ 
[0, 1] be the continuous function given by (7„(0) = 0, gn{t) = 1 for t > S'n, and gn is 
linear on [0, 5^]. Put b'n = gn{bn)- Then 6„ is Cuntz equivalent to b'n, and {bn — Sn)+ ^ 
(K - 1/2)+. 

We claim that T :— 6^ is full in M.{A). To this end, take a strictly positive 

contraction c in A. Let k & N and £ > be given. Note that the tail {(a„ — Sn)+}'^=k 
is full in A (because the sequence {(a„ — Sn)+}'^=i is Cuntz increasing). It follows that 
c belongs to the closed two-sided ideal generated by {{an — 5n)+}^fe, whence {c — e)+ 
belongs to the algebraic ideal generated by this sequence, and hence to the algebraic 
ideal generated by {(a„ — 5n)+}n=k some k' > k. This entails that 

(c - £)+ {ak - Sk)+ © (ofe+i - 4+i)+ © • • • © (ofc' - 5k')+, 

for some positive integer p. Using again the sequence {(a„— 5„)+}J^^ is Cuntz increasing, 
we get that 

(c - e)+ {ak - Sk)+ © (afe+i - 5fc+i)+ © • • • © (a^ - Se)+ 

:<n. {b'k - 1/2)+ © (6^+1 - 1/2)+ © • • • © (6^ - 1/2)+, 
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when ^>k + p{k' — k + 1). Lemma 15.91 now yields that T is full in Ai{A). 

Since A is assumed to have the Corona Factorization Property we can use Lemma 
to conclude that ai ^ T. Hence (oi — ?7/2)+ = R*TR for some R in A4{A). Take 
a positive contraction e in A such that e(ai — ?7/2)+ = (oi — ?7/2)+ = (oi — ?7/2)+e. 
Put r = Re E A. As 6^ — )■ T in the strict topology as — )■ oo, it follows that 

^*( ©n=i ^n)'^ r*Tr = (ai — ri/2)+ in the norm topology (on A) as k ^ oo. Take /c 
such that 

\\r* {b[ ® ® ■ ■ ■ ® b'i,)r - {ai-r]/2)+\\ <r]/2. 

Then 

(ai - 7])+ ;^ r* {b[ ® b'^ ® ■ ■ ■ ® bi)r ;< b\®b'^® ■ ■ ■ ®b'^, ^ 6i © 62 © ■ • ■ © 
as desired. □ 

Theorem 5.11. Let A he a a-unital C* -algebra. Then A has the Corona Factoriza- 
tion Property if and only if its Cuntz semigroup, Gni^A), has the Corona Factorization 
Property (for semigroups) . 

Proof. Assume first that A has the Corona Factorization Property. Let be a full 
sequence in Cn{A), let {?/„} be another sequence in Cu(y4), let x' G Cu(A), and let 
m e M be such that Xn < myn for all n and x' <^ Xi. Take positive elements and 6„ 
in A<S)JC such that Xn = {an) and yn = (bn), and take rj > such that x' < ((oi — r])+). 
Then {a„} is full in A K., ai ^ a2 ^ ■ ■ ■ , and a„ ;^ 6„ © for all n. Hence, by 
Lemma [5.10[ we get that 

(ai - ^)+ ;i &i © &2 © ■ ■ ■ © bk 

for some k. Thus 

a;' < ((ai - < ih) + (^2) + ■ ■ ■ + (bk) = yi + y2 + ■ ■ ■ + Vk- 

This shows that Cu(y4) has the Corona Factorization Property. 

For the converse direction it is shown in ^12j, Theorem 4.2] that A has the Corona 
Factorization Property if and only if for every full hereditary sub-C*-algebra B of A 
one has that B is stable if some matrix algebra over B is stable. As Cu(-B) = Cu(y4) 
for all such B, this follows from Proposition 15.51 □ 

Corollary 5.12. Let A be a separable, unital C*- algebra with finite decomposition rank. 
Then A has the Corona Factorization Property. 

Proof. Combine Theorem 15.111 above with Corollary 13.31 □ 

The corollary above extends the result of Pimsner, Popa and Voiculescu, [15], and 
Kucerovsky and Ng, [13] , that the C*-algebra C (X) © /C is absorbing, or equivalently, 
that it satisfies the Corona Factorization Property, when X has finite covering dimension 
(as the decomposition rank of C {X) © }C coincides with the covering dimension of the 
space X). 
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We end this paper by describing for which C*-algebras the Cuntz semigroup has the 
strong Corona Factorization Property. 

Theorem 5.13. Let A be a separable C* -algebra. Then Cu{A) has the strong Corona 
Factorization Property if and only if every ideal in A has the Corona Factorization 
Property. 

Proof. Assume that Cu(y4) has the strong Corona Factorization Property, and let / be 
a closed two-sided ideal in A. Then Cu(/) is an ideal in Cu(y4). As the strong Corona 
Factorization Property trivially passes to ideals, we conclude that Cu(J) satisfies the 
(strong) Corona Factorization Property. It therefore follows from Theorem 15.111 that / 
has the Corona Factorization Property (for C*-algebras). 

Suppose now that all ideals in A have the Corona Factorization Property. To show 
that Cu{A) has the strong Corona Factorization Property, it suffices to show that when- 
ever a, 6i, 62? • • • are positive elements in A ® /C, e > 0, and m is a positive integer such 
that a ;^ 6„ ® Im, then (a — e)+ ;^ 61 © 62 © ■ ■ ■ © ^fc for some positive integer k. There 
are elements t„ G A (g) /C such that (&n ® lm)^n = (a — e/?>n)^. 

Let I be the closed two-sided ideal in A © /C generated by a. Then a is full in /, 
and (a) is full in Cu(/); however, the elements 6„ may not belong to /. To fix this 
problem, take a quasi-central increasing approximate unit {ek\'^^i for / consisting of 
positive contractions. For each n find k such that 

||t*(efc © lm){pn © lm)(efc © lm)tn - {a - e/3n) + \\ < e/3n, 

and put a„ = (a — 2e/3n)+ and c„ = CkhnCk- Then c„ belongs to /, c„ ;^ 6„, a„ ;^ c„©lm 
(relatively to A, and hence also relatively to /), (a — e)+ = (ai — s/3)+, and {(a„,)} is 
a full sequence in Cu(/). Since Cu(J) is assumed to satisfy the Corona Factorization 
Property we conclude that 

(a - £)+ ;^ ci © C2 © ■ ■ ■ © Cfc ;^ 61 © 62 © ■ ■ • © &fc 
for some k as desired. □ 
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